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Abrtract - The computerized etmaer~tion~ of unbranchcd catsfusenea (eato- 
condensed benzmnoide) are sunmerited. The sylrteau are classified according 
to symmetry. The numbers of helicenic systems .sre given explicitly. The 
rerults of enunvtratiow .for branched cotnfuosner are aloo reported, and the 
8yrtema without helicenes for 4 2 h 2 12 are classified according co sygt- 
metry. Were h denotea the number of hexagons. For the branched catafuaeoes 
without belicenem all KekulL structure counts fK) were computed. Some 
characteristic values of rY (Xmin, <I(>, Xabund, I( 

BaX 
) ere discuesed. The 

subscripts refer to the minimum, most abundant and maximum value. <X> is 
the sverage. As one of the original results it was found K_ = 504 for 

h-12. mie K. number is realized in two ieoarithmfc branched catafusenee. 
Quantities of the type (lnK)/h dieplay especially interesting behaviour. 

The enumeration and claauification of bentenoid hydrocarbons (or simply beozenoidr) in the chemical 

coatext started by the Wrk8 of Balaban and Harery. 
t-3 After a period of some years with apparently 

no activity in thie area the problema were taken up again, in pace with the access to modern com- 

puters. 
4-6 

Suddenly, in the few last years, the research activity in this field has flared up. 

Tvenry-one relevant works from 1984 or later are cited in a recent consolidated report by fourteen 

euthors. 
7 

The report gives a survey of the topic end awmsrizes existing data from literature with 

supplements of many original contributions. However, the develomnt in this field is ao rapid that 

eeveral further supplemmts were available as pre-publication data before the report went into 

print. The present work contains 8ome of these supplementary data. 

The enumeration of benzenoida of the present work are combined with the computation of the num- 

bers of KekulS Btructures (X). The significance of KekulL structures of conjugated hydrocarbons in 

organic chemistry is veil known. Also merely their numbers are important qua&ties in theoretical 

models for many chemical phenomena. It is sufficient to give the reference to a review by 

Herndon,’ supplemented by same mDre recent publications. 
9-17 kmang theee chemical phenomena we 

only mention a8 examples the total n-electron energy, heats of formation, interatomic carbon- 

carbon distances. photoelectron spectra, zero-field splitting paranmters. reaction rate constants, 

resonance energies and aromatic i ty . 

In a more qualitatiw way the number of Kekuld structurea of a conjugated hydrocarbon ia known 

to be a measure of its chemical stability; aee, e.g. Herndon 
18 

or standard text-books. pbre pre- 

cisely: of two conjugated hydrocarbons with the smne number of carbon atoms the one with the 

t 
Part V of the series “Diotributioa of K, the nu&er of KekulB structures, in benxenoid hydro- 
carbons”.Por Parts I-VT, l ee Reference8 19-22. 
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largest K number is the more stable one. The maximum K values considered in the present work are 

therefore of a great chemical interest. 

The present work deals mainly with branched catacondensed bensenoid systems (or branched 

catafusenes) . Triphenylene with four hexagons (or rings), i.e. k-4, represents the smsllest 

example of this class. It is inferred as almost certain that the benzenoid system with the maximum 

K number (Amax) among the class of bentenoids with a given h 2 4, is a branched catafusene. It 

was conjectured explicitly by Cyvin, 19 
and supported by (mostly empirical) evidence, that the 

benrenoid with K - K max for a given h is a catafusene. Furthermore, all experience shows that 

kinks and branchings of the chain of hexagons contribute to large K numbers. Theoretical analyses 

and known combinatorial K formulas give support to these observations. The conjecture 

occurs for a branched catafusene) has been verified by computer-aided enumerations of 

noids for all values of h < 11 during the studies of the distribution of K at given h - 

DEFINITIONS 

31 

(that Kmax 

the bense- 

values.1g-22 

A benzenoid system (or benzenoid) is defined (in a strict sense”) as a planar system of iden- 

tical regular hexagons, which are simply connected. This definition excludes (nonplanar) helicenic 

systems (or helicenes), which uould possess overlapping edges if drawn in a plane. A benzenoid 

system, here defined mathematically as a graph, represents in an obvious way a benzenoid (poly- 

cyclic aromatic) hydrocarbon. 

Helicenes are also chemically important hydrocarbons inasmuch as a series of them have been 

synthesized 
24 and their physical properties studied; cf., e.g. the work of Obenland and Schmidt 

25 

with references cited therein. We have included helicenes in a part of the enumerations. However, 

the numbers of Kekul6 structures (K) for these systems were not considered in order to keep the 

present vork within the frames of the previous studies 
20-22 

of K number distributions. 

A catscondensed benzenoid is a benzenoid with no internal vertices. It displays an acyclic 

dualist graph.’ All benzenoids vhich are not catacondensed, are referred to as pericondensed. 
1.23 

Here we are using the terms’ catafusene and perifusene as abbreviations for catacondensed bense- 

noids and pericondensed benrenoids, respectively. 

ENUMFBATION AND CLASSIFICATION OF UNBEANCHED CATAFUSENES 

Balaban and Harsry’ enumerated some benzenoids and classified the unbrsnched catafusenes accor- 

ding to their synssecries. They gave the data of unbranched catafusenes for h 2 8 and branched for 

h < 6. The range for branched systems was supplemented vith h - 7 and 8 by Balaban.2 In these 

wo;ks1’2 the catecondensed systems including helicenes were enumerated. The corresponding enumera- 

tions without helicenes were carried out through h-9 by Brunvoll et al. 
26 

Further supplements are 

found in the consolidated report: 7 unbranched catafusenes up to 7~20 and branched up to 

Table 1 shows the results of enumeration of catafusenes through h-12; the unbranched 

are classified according to symmetry as: 

CI scenes (linear); D6h for h-l. otherwise D27, 

m mirror-symmetrical; C2u 

c centrosytmsetrical; C 2h 
u unsyrmnetrical; Cs 

h-11. 

sys terns 

The main entries pertain to catafusenes without helicenes. The numbers for helicenic systems are 

given in parentheses. 

The total numbers of unbranched cetacondensed systems. i.e. for the systems including helicenes 

(not given explicitly in Table 1). follow simple combinatorial formulas.’ bet (I’, m’, u’ and u’ be 

the numbers pertaining to the appropriate colurrns of Table 1. while Cub’ denores the total number 

of unbranched systems, viz. 

Then’ 

Cub’ - a’ + m’ + c’ + u’ (1) 
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h 

IUrancbad ub 

a I 0 u Total Cd 

1 1 0 0 

2 1 0 0 

3 1 1 0 

4 1 1 1 

5 1 4 1 

6 1 3(l) b 

7 1 12(l) 4 

a 1 lO( 3) 13 

9 1 3b(6) 13 

10 1 28(12) 39(l) 

11 1 97C24) 39(l) 

12 1 al(b0) 116 (5) 

0 

0 

0 

1 

4 

16 

50(2) 

lsa(l1) 

47201)) 

1406094) 

4111(729) 

11998(2643) 

1 

1 

2 

4 

10 

24(l) 

67(3) 

lgZ(lb) 

520(54) 

1474(207) 

4248(754) 

12196(2688) 

Total 
bran&cd Cb,, 

0 

0 

0 

1 

2 

12 

5lf2) 

229(21) 

969( 146) 

4098(914) 

16867(5165) 

68925(27821) 

Tots1 
catscondensed 

1 

1 

2 

5 

12 

M(1) 

116(S) 

bll(35) 

1489(200) 

5572(1121) 

21115(5919) 

81121(m509) 

(2) 

(3) 

(4) 

0’ - 1 

y-3/2 _ 1); h - 2. 4, 6, . . . . m’ - 

p-1)/2 _ 1); 
2 

k - 1, 3. 5, . . . . 

1 p-2)12 _ 1); h - 2. 4, 6, . . . . 0’ - 

+(3(h-3)‘2 - 1); h - 3, 5, 7. . . . . 

tc3(h-2)/2 _ 1j2; k - 2, 4, 6. . . . , u’ - 

$(3h-2 - 3(h-1)‘2 - 3(k-3)‘2 + 1); h I 3, 5, 7, . . . . 

k - 2, 4, 6, . . . . 

+ 3(h-L)/2 + 3(k-3)/2 + 1); h - 3, 5, 7, . . . . 

(5) 

(6) 

ENLTneRATION OF BRANCHED CATAFDSENES 

The numbers of branched catafusenes (vithout helicenes) are reported7 previously for h 2 11. 

A major contribution of the present work is the generation of the 68925 branched catafusenes 

with h-12. The very number was actually derived recently by He and He 27 
during a complete enumera- 

tion of benzenoids (both catacondensed and pericondensed) with k-12. We have reproduced the men- 

tioned number exactly by a computer program 26 
based on entirely different principles from those of 

He and he.28D2g In the present work the systems in question were generated specifically by starting 

with the triphenylene system and adding hexagons, one at a time, into properly restricted posi- 

tions. Coded information of the forms of all nonisomorfic benzenoids generated in this way was 

stored in the computer files and used to deduce different properties (see below). 

Now the numbers for all (branched + unbranched) catafusenes are known for h < 12. The total num- 

bers of catacondensed systems including helicenes are known for the same k values. 30 
Consequently 

also the numbers of helicenes axwzng the catacondensed systems could be obtained by subtraction (cf. 

the parenthesized figures in the last column of Table 1). Finally, by a new subtraction, the 

branched helicenic systems were enumerated (cf. column Cbp of Table 1). 

SYMETRY OF BRANCHED CATAPUSENES 

Table 2 shows the distribution of all branched catafusenes (without helicenes) into the six 

possible symmetry groups. The D6h and C6k will never occur in this case because all benxenoids 
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Table 2. Claroification of bruxhcd catafwanes according to rynmmtry. 

h 

4 1 0 0 0 0 0 

5 0 0 0 0 1 1 

6 0 0 1 4 7 

7 1 1 1 __B 4 44 

8 0 0 1 4 18 206 

9 0 0 1 4 27 937 

10 2 4 3 25 67 3997 

11 0 0 4 26 118 16719 

12 0 0 .4 132 269 68520 

belonging to these groups (for ?z > 1) are paricondenaed. 31 

DISTRIBDTION OF 

The numbers of Kekul6 structures (Kf 

automatically by a program based on rhe 

Figure 1 gives a complete account of 

K NWERS FOR BRANCHED CATAPUSENES 

for all the enumerated branched catafuaenes vere computed 

principle8 of Brown. 
32 

the distribution of K numbers for the considered systems 

with h - 6, 7 and 8. For every h value the K numbers are found within a minimum (Kmin) and maximum 

Wmax) value. The shapes of the diagrams are rather irregular, but there seems to be a tendency to 

t 

Nucaw of branched 
mrr of brlnchd catafurrncr 

C~cBfuurmr 

5 A=6 

_ _ k-? c 1 

20 25 30 35 LO - 

tiu&er of branched 
catafusenes 

Fig. 1. Numbers of branched catafusenes with h - 6, 7 and 8 at given K numbers (Kekul6 structure 
counts) 
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K - (Multiplicity) 

41 (a) 

120 (17) W 

298 (60-a (4 

304 

315 

(486) (*I 

(251) 

492 (1) (8) 

494 (1) 09 

502 (3) ($1 

504 (2) (j) 

Fig. 2. Selected representatives of branched cata- 
fusenes with k-12. K numbers and their multiplici- 
ties (i.e. numbers of systems with the same R) are 
given 

Fig. 3 (right). 
4<h<13 

The benzenoids with K - Kmax for 

- - 

h K-K 
- ZMX 

4 9 

5 14 

6 24 

10 189 

12 504 

1 .3 86 3(?) 

0 all-benzenoid 

benzenoids with higher K (cf. Pig. 2) and proved that the real maximum vslue is K_ = 504 (but 

Cyvin 
19 has reported an h-12 helicenic system with K - 510). Tvo isoarithmic forum have K = Kmx 

* 504. while K - 502 is realized by three isoarithmic forms; cf. Pig. 2 (j) and (i), respectively. 

In Fig. 3 the benzenoids with i( = Kmax for 4 (ir 2 13 are susuaarired. The last system (h-13) is 

taken from Cyvin 
19 and is still uncertain. All the others are ascertained by mesns of computer- 

generations of the benzenoids. It is noted that every third one of the systems, i.e. for h = 4, 7, 

10, 13, is an all-bentenoid (or fully benzenoid). 
36.37 These systems are defined by the property 

that it is possible to assign uniquely a constellation of aromatic sextets (hexagons with three 

double bonds as in benzene) throughout, so that the remaining hexagons do not possess any additio- 

nal double bonds. Such systems are known to have large K numbers in relation to their number of 

hexagons, and it has been conjectured 
19 that the system with I( = Kmax is an ail-benzenoid for all 

h = 3i + 1; i = 0, 1, 2. . . . . . 
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Table 4. Sam quantities of (It&)/h. QUANTITIES OF (11&)/h 

The resonance energy38 has been related to I( 

h + IncK> t 1%.3x numbers of benzeooids as proportional to 1nK. 

- Hence the title quantity, which has been intro- 

4 0.5493 0.5493 duced into the “Kekulb structure statistics” by 

5 0.5205 0.5278 Cyvin et al., 
21 

represents the remnance energy 

per hexagon. 
6 0.5081 0.5297 

Some of the quantities of (lnK)lh for the 

7 0.4978 0.5305 branched catafusenes are given in Table 4. 

8 0.4908 0.5237 Figure 4 shows a graphical representation of 

(In<K>)/h and (InK max)/h. from Table 4. supple- 
9 0.4856 0.5222 

mented with the curve for (lnKmin)/h. The latter 

10 0.4817 0.5242 (steepest) curve is a representation of the 

11 0.4788 0.5191 function fl/h)ln(4fr - 7) and tends to aaro. The 

curve for <x> is remarkably smooth and rmnoto- 
12 0.4765 0.5185 

nit, and it seems to approach a nonvanishing 

13 ? 0.5200(?) value when h increases. but this feature haa not 

been proved. Similar behaviours have been obser- 

ved for other averages of K numbers. 21 
Finally 

we find that the curve for K (Fig. 4) is not monotonic, but the ripples of it seem to be regular 

in such a way that a smJoth curve can be drawn through every third o.f the points. The local maxima 

correspond to the all-benrenoid systems. The sire of the ripples tends to decrease when h increa- 

ses , and also this curve seems to approach a nonvanishing limit value. 

t 

oxi- 
. 

. 

0.50 

Oh5 
i ‘“KFpin 

h 
1 I I I I I I I I 1 
4 5 6 7 8 9 10 11 12 13 - 

Pig. 4. Diagrams of the indicated (ldi)lh quantities 
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